We study the non relativistic limit of the charge conjugation operation C in the context of the Dirac equation coupled to an electromagnetic field. The limit is well defined and, as in the relativistic case, C, P (parity) and T (time reversal) 
Introduction
It is generally believed that the concept of antiparticles can only be defined in the context of relativistic quantum mechanics (RQM). The basic reason is that it is only in this regime that one can have free particles with negative energies travelling backwards in time, whose absence is interpreted as positive energy and opposite charge and momentum particles travelling forwards in time: antiparticles. Then, in particular, the operation of charge conjugation C which makes the transformation particle ←→ antiparticle should only exist in RQM [1, 2] .
One can, however, give an ad hoc definition of C, not only in the context of non relativistic quantum mechanics but also in classical lorentzian and galilean mechanics [3] . Nevertheless, for consistency, any prescription in the non relativistic approximation should be derived from the relativistic theory as the limiting case |β| << 1 where β is the particle "velocity" (c=1).
In this note and in the concrete case of a Dirac field coupled to an external electromagnetic field, we prove that the above mentioned ad hoc prescription for C can indeed be obtained from first principles; that is, the charge conjugation symmetry of the relativistic wave equation leads, in the non relativistic approximation, to fermionic wave functions respectively describing low energy electrons and positrons.
Qualitatively this occurs because, as mentioned above, in the quantum relativistic theory there is a symmetry between the particle and antiparticle worlds. Both, the particle equation and the antiparticle equation, have well defined non relativistic limits and one should not expect a contradiction between them, for example that the field components should vanish as |β| → 0. It is quite obvious that if one has e.g. low energy electrons, one should also have low energy positrons, with electrons and positrons related by C. This result, therefore, invalidates the usual claim that C can only be considered a relativistic symmetry.
Charge conjugation
The wave equation for a spinor field
of electric charge q and mass m, coupled to an external electromagnetic 4-potential A µ = (V, A), is given by
where γ µ , µ = 0, 1, 2, 3, are the Dirac matrices. In terms of the matrices α = γ 0 γ and in the standard (Pauli-Dirac) representation [4] , equation (1) is
where p = −i∇, α = 0 σ σ 0 , γ 0 = 1 0 0 −1 , and σ are the Pauli matrices. The charge conjugate spinor ψ C is given by
where
,ψ = ψ † γ 0 is the Dirac conjugate spinor, C is the charge conjugation matrix which up to a sign is given by [5] 
and ∼ denotes the transpose vector. ψ C obeys the equation
the analogous of (2) being
Clearly, ψ C describes particles with the same mass but opposite charge. If the charge conjugation transformation is completed with the replacement
then (5) and (6) have the same form as (1) and (2) exhibiting the complete symmetry of quantum electrodynamics under C.
Non relativistic limit
Definingψ through
where the exponential factor involves the positive rest energy m (mc 2 ), equation (2) is equivalent to the system of equations
with π = p − q A. In the non relativistic approximation, m is the largest energy [4] , and one can neglect the terms i∂ tχ and qVχ in equation (9b), obtaining the "small" componentsχ in terms of the large components ϕ:χ
Clearly, ||χ||/||φ|| ≃ | π| m ≃ β << 1. Replacing (10) in (9a) leads to the Schroedinger-Pauli equation for the two components spinor ϕ. For the absolute values of the spinor components ψ a , a = 1, 2, 3, 4 one obtains
If one restores c, the velocity of light in vacuum, this means that
The corresponding equations for the charge conjugate spinor ψ C ,
where now the exponential factor involves the negative rest energy −m (−mc 2 ), are
with π ′ = p + q A. Again, in the non relativistic approximation,
and therefore
Clearly, replacing (15) in (14b) leads to the Schroedinger-Pauli equation forχ C .
Also, and most important, (17) is consistent with (11); this allows a natural definition of the charge conjugation matrix (operator in the 2-dimensional Hilbert space C
2 ) in the non relativistic limit:
with
where K is the complex conjugation operation. Since
Finally, C nr has the following properties:
which are the same properties of the relativistic matrix.
Field theory argument
To see the possibility of defining the quantum operator C corresponding to C in the non relativistic approximation, it is enough to study the finite part of the energy density operator of the free Dirac field:
where k 0 = k 2 + m 2 and N α ( k) andN α ( k) are respectively the occupation number operators for electrons and positrons, related to the corresponding creation and annihilation operators through
in the infinite volume limit V = (2π) 3 δ 3 ( 0) = ∞.
In the non relativistic approximation,
and, up to an infinite constant operator corresponding to the rest energy, the non relativistic energy density operator for the electron-positron system is given by
It is easy to verify that this hamiltonian density is invariant under the operator [6]
and
Also,
i.e. C is unitary and hermitian. Since
then
that is, C changes particles into antiparticles and viceversa, and therefore
leaving p nr 0 invariant. So, also in the non relativistic limit, C can be identified with the charge conjugation operator.
This result is also supported by the fact that the (electric) charge operatorq is also well defined in the non relativistic limit. In fact, its finite part for the free Dirac field with charge e (e < 0) is given bŷ
which, in the non relativistic approximation (22) becomeŝ
It is clear that, as its relativistic counterpart, whenq nr 0 is applied to a state with n particles (electrons) and m antiparticles (positrons), the resulting eigenvalue is (n − m)e.
Fiber bundle description
There is a vector space isomorphism between M 4 , the Minkowski spacetime, and H(2), the space of 2×2 hermitian matrices: if x ∈ M 4 is any four-vector, then there is asociated the matrix given bŷ
where I = σ 0 is the unit 2× 2 matrix.
Conversely, given the 2×2 matrixx,
As is well known, SL 2 (C) is the universal covering group of L 0 , the connected component of the Lorentz group [7] . On the other hand, the complexification of the full Lorentz group L is given by
where η = diag(1, −1, −1, −1) is the relativistic spacetime metric. Then a 2 → 1 covering group of the
Notice that if L is complexified, then the spacetime coordinates x µ are not necessarily real but can take complex values; the same applies for any subgroup of L. This is a mathematical fact and no physical meaning is attributed here to the imaginary part of the coordinates.
In a similar way, the complexifications of the groups O(3) and its restriction SO(3) are
We have the following inclusions of principal bundles:
In a similar way, 
where (ˆ x) * = (x i ) * σ i . So, the complexification of spacetime, in the context of a fiber bundle description, allows for a direct action of the charge conjugation matrix (18a) on the space coordinates, namely of C nr on x ∈ C 3 .
